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devoted so much space to its discussion because Professor Ostwald's thoughts are 

suggestive and will not fail to provoke a discussion of the most important problem 

of science, which, in brief, is the question, "What is the philosophy of science ?" 

p. c. 

Hermann Grassmann's gesammelte mathematische und physikalische Werke. 

I. Band. II. Theil. Die Ausdehnungslehre von 1862. Leipsic : B. G. 

Teubner. 1896. Pages, 511. Price, M. 16. 

The task of publishing a complete edition of the mathematical and physical 

works of Hermann Grassmann was recently undertaken by the Royal Saxon Acad 

emy of Sciences, and the work of editing them has been entrusted to Friedrich Engel 

assisted by lakob L?roth, Eduard Study, Justus Grassmann, Hermann Grassmann, 

Jr., and Georg Scheffer. The first volume, which is now completed, embraces two 

parts : the first, the Ausdehnungslehre of 1844 (also containing the prize essay on 

geometrical analysis), has already appeared ; the second, the Ausdehnungslehre of 

1862, is that now in our hands. The relation of these two famous books will be 

better understood by a glance at Grassmann's life, which is interesting in more 

points than one, and whose contemplation is more apt to hold our attention than 

would be a difficult and abstract analysis of the contents of his works. 

Hermann Grassmann, independent creator of a branch of mathematics which 

is accounted by some the most consummate piece of work in this direction that the 

present century has produced, was born (1809) and destined to spend his life in the 

German city of Stettin, commercially an important place and the central emporium 

of the German Baltic trade, but naturally bereft of the incentives and ideal environ 

ment which usually go to the formation of a scientific career. Grassmann, how 

ever, came of a talented family and one that remained talented. His two sons, 

Hermann Grassmann, now at Halle, and Justus Grassmann, at Brandenburg, have 

displayed unusual mathematical attainments.1 His father also was a mathematical 

teacher of some note and had published a number of profound and original writings 

in which were contained the germs that determined the subsequent scientific bent 

of his son. 

Hermann Grassmann first became a student of theology in Berlin and had 

among his teachers Neander and Schleiermacher, the latter of whom was not 

without influence upon his philosophical development. Now as afterwards his 

studies varied much, and even included the mathematical works of his father, but 

most of his work was done in philology. With interests comprehensive rather than 

vacillating we find him, shortly after taking his first theological examination, a 

teacher of mathematics in Berlin where he made the acquaintance of Jakob Steiner, 

whose epoch-making work on Synthetic Geometry had appeared two years previ 

1 Note the former's Punktrechnung und projektive Geometrie, the second part of which, 
Grundlagen der projektiven Geometrie, appeared last Easter in the programme of the Latin 
Hauptschule, of Halle. 
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ously. A year or so afterwards, he returned to his native city where he was in 

stalled as teacher of various branches at the Ottoschule and where he devoted him 

self alternately to chemistry, crystallography, botany, mathematics, and philology. 

In the last branch he even published two small works, the forerunners of his later 

activity in this field. He had not yet given up theology, in fact he had passed at 

just this time his second examination for the preachership, but his previous studies 

for a teacher's diploma in mathematics had led his interests into different fields 

and these gradually and unconsciously brought with them the abandonment of his 

theological ambitions. 

This was in 1839. In preparing for his full teachership in mathematics and 

physics, he read Lacroix, Lagrange, and Laplace, the study of the latter of whom 

suggested a treatment of the problem of the tides, taken as his thesis, in which he 

developed and applied new and greatly abbreviated methods of reckoning (1840). 

This was the germ of the new science, and it is interesting to note that it took its 

rise in connexion with a practical mechanical problem, as have many other branches 

of mathematics, and notably the Calculus of Variations. 

From this time on, the fundamental ideas of the coming Ausdehnungslehre be 

gan to take a systematic shape in his mind. In 1842 he was called to the Gymna 

sium, and in the succeeding year to the Realschule. Now naturally his eye was 

bent upon a professorship in a university where his scientific ideas under the stim 

ulus and correction of his colleagues, and in the clarification which results from 

their being communicated to others, would have a chance of unfolding and of being 

disseminated. But this was an ambition never to be realised. 

His study of the works of M?bius and Poncelet which of any then existing had 

most kinship with his thought led to a paper in Creile's Journal on the Theorie der 

Centralen which first displayed his wonderful powers of generalisation. In 1844 
his famous Lineale Ausdehnungslehre appeared, which not only is the most impor 
tant of his own works but is rated by competent critics as one of the most remark 

able mathematical creations of all times. This is the first of the works mentioned 

at the beginning of this notice, and together with the prize-essay on Leibnitz's cal 

culus of position, formed the first instalment of the present Teubner edition of his 

collected works. 

It was an original creation ; Grassmann's methods of reckoning were altogether 

novel ; and the deduced laws had reference entirely to abstract constructions in 

extremely abstract domains. The terminology was strange. The argument was 

not developed in connexion with concrete data, not even with the data of space, 

although numerous geometrical and mechanical applications were appended to the 

theorems. Owing to its intrinsically limitless possibilities of application, the treat 

ment of the author was significatory rather than expository. In addition, it bore a 

philosophical stamp which was not common then in mathematical works. A meteor 

in the realm of scientific thought, it seemed to break all the traditions of evolution 

ary growth : it had no predecessor. 
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As an offset to this sudden and inexplicable appearance of the new science, 

Grassmann wrote for his book a preface which almost attained Galilean heights in 

its frankness and sincerity of character, and which gave a perfect insight into the 

workings of his mind. His plea for indulgence in this preface is an almost pitiable 

expression of his scientific seclusion and isolation. 

On the book's appearance, no one seemed to grasp what the author was driving 

at. Gauss, Grunert, and M?bius considered it, but nothing at the time came from 

their outward sympathy. With the exception of one unimportant reference, not a 

single review or mention of it appeared in other works or magazines, save Grass 

mann's own Selbstanzeige\ until the early seventies. Eight years after its publica 

tion M?bius remarked that Bretschneider of Gotha was the only mathematician he 

knew of that he read it through. 

Appreciating the difficulties that beset the comprehension of his book, Grass 

mann set to work to unfold the practical capabilities of his method which he did in 

a long series of articles in the mathematical journals of Germany, all of which were 

signalised by great originality and acuteness, and on which his sole fame as a math 

ematician until the later years of his life rested. His failure again to receive recog 

nition, however, soon resulted in his partially abandoning these studies, and caught 

by the enthusiasm of the year 1848, quite contrary to his natural disposition, he 

became for a while actively interested in politics. Then he took up the study of 

comparative philology, Gothic, Lithuanian, Old Prussian, Old Persian, Russian, 

and other languages. He published a grammar and reading-book of German. 

In 1852, on the death of his father, he succeeded the latter as the first mathe 

matician with the title of Professor at the Gymnasium of Stettin. Were it not for 

this change he would probably have given up physics and mathematics forever. 

Here, however, falls his important correspondence with M?bius, a number of im 

portant articles in the mathematical journals, a discussion regarding the priority of 

his method with Cauchy, and the efforts which he made and the prospects which were 

held out for advancement to a university professorship. Such a position was now 

highly desirable in the interests of a fruitful scientific activity. Pecuniarily it would 

have been a retrograde step, but the work at the Gymnasium demanded too much 

time and effort, and was too absolutely barren of the right kind of intellectual sug 

gestion for his thought to yield its best results. He lacked students and hearers 

with whom he could inoculate his ideas and who would form a nucleus for their 

propagation. But the chance never came, although there were frequently promises 

and hope. 

He was now again hard at work on the second part of the Ausdehnungslehre. 

M?bius and Grunert had complained of the predominantly philosophical form in 

which the first Ausdehnungslehre had been cast, and attributed its lack of success 

to this circumstance, which they regarded as repellent to the mathematical mind. 

At their suggestion, and by an incredible outlay of labor, Grassmann remodelled 

the work entirely, and presumably under the influence of his own impression s of 
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mathematical method gained in elementary teaching, but which were at variance 

with the growing mathematical taste of the age, gave to it a predominantly Euclid 

ean form. 

Such was the origin of the Ausdehnungslehre of 1862?the work which is now 

before us. Two opinions obtain regarding its value in a methodological aspect 

as compared with the Ausdehnungslehre of 1844. Victor Schlegel, friend and dis 

ciple of Grassmann and a prominent elaborator of his ideas,1 while admitting the 

prodigious importance of the new conceptions contained in it, is of opinion that the 

work suffered unspeakably by its being recast into its Procrustean Euclidean mould. 

It had not been inexact in its original form, nor did its foundations lack logical sta 

bility. Its drawback had been simply a want of practical illustrations. This want 

had, it was true, been richly supplied in the second edition, which abounded in 

analytical and geometrical applications, and which contained a new and extensive 

chapter on the theory of functions, untouched in the original work, and which was 

a veritable incubator of the germinal ideas at the basis of many modern branches 

of mathematics like the theory of determinants and certain recent extensions in 

algebra. The treatment, however, was fragmentary and disjointed. Its unnatural, 

stiff Euclidean movement obliterated the psychological landmarks which are so 

necessary for our guidance in re-making the intellectual conquest of a new and un 

trodden province. The mastery of a single demonstration, says Schlegel, required 
as much effort as the comprehension of a whole chapter of the Ausdehnungslehre of 

1844. But worst of all, the possibility of a broad mental survey, of a comprehen 

sive aper?u of the development as a whole had been entirely lost. These circum 

stances, according to Schlegel, were directly accountable for its failure, which was 

even more complete than that of its predecessor. Friedrich Engel, on the other 

hand, the editor of the edition before us, regards the Ausdehnungslehre of 1862 as a 

distinctive advance upon that of 1844?an advance exhibited not only in its greater 

variety and richness of contents, but in its entire formal construction. According 
to him, the foundations of the Ausdehnungslehre of 1844, although brilliant in their 

suggestiveness, were not unequivocally established. Its fundamental conceptions 
were too general and philosophical in character and consequently too devoid of 

palpable contents, to form a solid and trustworthy substructure for a practical work 

ing-system. Tacit assumptions were necessary for its logical application and devel 

opment, all of which was remedied in the second work, and the necessity of the 

same demonstrated by the consequent enormous extension of the scope and utility 
of the new method. 

But with whomsoever the truth may lie, certainly the failure of the book could 

not have been more absolute. The work was nowhere reviewed, nowhere men 

tioned. Grassmann's attempts to obtain a university position again failed. The 

1 See his pamphlet Hermann Grassmann, sein Leben und seine Werke (Leipsic : F. A. Brock 
haus, 1878), a vivid and adequate sketch of Grassmann's life and career. 
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dream and ambition of his youth melted away. And now this sorrowful spectacle 

is presented to us. At the advanced age of fifty-three he laid aside the studies 

which were soon destined to make his name one of the most famous in Europe and 

began a fresh career with unbroken heart and undampened hope. He took up 

the study of Sanskrit. The vigor and unweariedness with which he devoted his 

energies to the new work were marvellous when we consider his age, disappoint 

ments, and the diametrically opposed character of his previous studies and habits 

of thought. But more marvellous was his success, which is an astonishing testi 

mony of the versatility of his genius and talents. Here that reward, which had 

been denied him in his chosen and natural field of effort, crowned his endeavors. 

From the early sixties until shortly before his death in 1877 he worked successfully 

at two tremendous undertakings, a dictionary and a translation of the Rig-Veda 

at a time when the material and helps for such work were extremely meagre. His 

first recognition in the academic world came to him as a philologist not as a mathe 

matician. Not to mention other honors, he was elected a member of the American 

Oriental Society, as he also found here one of his first few individual recognitions 

as a mathematician. 

In the meantime, however, attention had in various mathematical quarters 

been directed to the Ausdehnungslehre of 1844. Hankel, then a yonng Privatdocent 

in Leipsic, had sought to bring it to the fore. Through Clebsch he was elected a 

corresponding member of the G5ttingen Society of Sciences. Mention of him be 

came more and more frequent. Preyer based upon his work a new theory of sen 

sations. Schlegel elaborated in detail some of the principles of the Ausdehnungs 

lehre and now actually a demand for the book arose, the first edition of which by 

a horrible irony of fate was reported by the dealer to have been exhausted. No one 

could account for this silent but terrific demand for the book until it was discovered 

that the whole edition had been used to satiate the Wissensdurst of a paper-mill. 

Yielding to the solicitations of his friends, therefore, Grassmann set to work at the 

preparation of a new edition, which he completed just shortly before his death 

(1877). Several important mathematical and physical papers also were published 

in this period of his incipient fame, which now dawned with full glory upon him as 

his life closed. 

A note of bitterness and regret pervades our contemplation of Grassmann's 

life, for we are constrained to wonder what would have been its fruits had he found 

a more fitting and congenial sphere for the exploitation of his abilities, and had his 

energies not been scattered over so many fields. But that note of bitterness, how 

ever justified its cause, was never marked in his own career, which was one of 

complaintless serenity and of unceasing devotion to duty and to science. His un 

selfishness was requited by the love and confidence of his students, colleagues, and 

townsmen, in whose social, intellectual, and artistic advancement (he was a musi 

cian of ability, too,) he took no mean share. In this modest civic sphere his talents 

shone with nnscniously heightened1 lustre. 
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There remain of Grassmann's works, presumably to be comprised in this series, 

twenty-four mathematical papers published in Crelle's Journal, the Mathematische 

Annalen, the Proceedings of the Royal Society of Sciences of G?ttingen, and Grunert's 

Archiv ; three separate treatises on elementary mathematics, mechanics, and the 

relation of the Ausdehnungslehre to the non-Euclidean geometry; and finally, seven 

papers on various branches of physics. We have merely to add that the present 

volume, the Ausdehnungslehre of 1862, is printed in unusually good form, is richly 

supplied with annotations by the editors, and that in all cases where changes have 

been made in the text, an exact transcript of the original passages is given in an 

Appendix. A good index also adorns the work. Thomas J. McCormack. 

Tractatus de Intellectus Emendatione. Translated from the Latin of Bene 

dict de Spinoza by W. Hale White. Translation Revised by Amelia Hutchi 

son Stirling, M. A. (Edin.). New York : Macmillan & Co. Pages, 62. Price, 

$1.00. 

The Tractatus de Intellectus Emendatione was one of the earliest works of Spi 

noza. We learn from the excellent Preface of the translator that Spinoza in a letter 

to Oldenburg in 1661 mentions having written a complete little treatise on the sub 

ject of the amendment of the understanding but had delayed the publication of it 

on account of the rancor of the theologians. As there is nothing in the present 

Tractatus answering to the points which Spinoza mentions as having developed 

there, the conclusion is natural that the original editors of the present work had in 

their hands only the first draft of the completed treatise, a conjecture confirmed by 

the fact that in the form in which we now have it, there are numerous gaps, lost 

references, and marked crudities and ambiguities of style. Besides, the conclusion 

is totally missing. 

The purpose of the treatise is the discovery of the highest good and is thus 

moral not speculative. But the method itself is speculative, for according to Spi 

noza's view although speculation is not in itself the goal, it is yet the way by which 

the goal is to be reached. Consequently, for attaining the highest good, the refor 

mation of intellectual procedure is the first thing to be taken in hand, and Spinoza 

accordingly describes his four modes of arriving at knowledge, all of which are now 

perfectly familiar to students of philosophy. Afterwards he takes up the problem 

of certainty and handles it in an interesting manner. ' ' 
How do I know that I 

know ?" " How am I sure that all science is not a delusion ?" In all such inter 

rogations he detects "the sophistry of the infinite regress." "If it be necessary 

that I should know that I know, it is necessary that I should know that I know 

that I know." 

Interesting is his application of the same sophistry to prove that no tool which 

men use could ever have been invented. "It is the same with tools; and the 

"argument proceeds in the same way. For example, in order that iron maybe 
' ' 

forged, we need a hammer ; and if we are to have a hammer, we must make one. 
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